For a finite group G, the character degree graph ∆(G) is the graph whose vertices are the primes dividing the degrees of the ordinary irreducible characters of G, with distinct primes p and q joined by an edge if pq divides some character degree of G. We determine all graphs with four vertices that occur as ∆(G) for some nonsolvable group G. Along with previously known results on character degree graphs of solvable groups, this completes the classification of all four-vertex graphs that occur as ∆(G) for some finite group G.
Introduction
Let G be a finite group, Irr(G) the set of ordinary irreducible characters of G, and cd(G) = {χ(1) | χ ∈ Irr(G)} the set of character degrees of G. Denote by ρ(G) the set of primes that divide degrees in cd(G). The character degree graph ∆(G) of G is the graph whose set of vertices is ρ(G), with distinct primes p and q in ρ(G) joined by an edge if pq divides a for some character degree a ∈ cd(G).
Our goal is to determine all graphs with four vertices that occur as ∆(G) for some nonsolvable group G. In particular, we prove the following. Table 1 .
Theorem A. If G is a nonsolvable group such that ∆(G) has exactly four vertices, then ∆(G) is one of the graphs shown in
For each graph in Table 1 , an example of a nonsolvable group G with that graph as ∆(G) is given. The group A 5 × p 1+2 is the direct product of the alternating group A 5 and an extra-special group of order p 3 for some prime p / ∈ {2, 3, 5}. Observe that by definition, ∆(G) must be a simple graph, that is, a graph with no loops or multiple edges. By [8] , the graph with four vertices and no edges cannot be ∆(G) for any group. By [6] , the graph with two connected components, each consisting of two vertices, cannot occur as ∆(G) for a nonsolvable group G, and a theorem of Pálfy [10] implies that no solvable group G can have this graph as ∆(G) either. The only remaining graphs with four vertices are those shown in Theorem B, and so it suffices to prove this theorem in order to prove Theorem A. Note that Zhang [16] has proved that there is no solvable group G with ∆(G) equal to the first graph. Hence, combining our result with Zhang's, we deduce that there is no group G with ∆(G) equal to the first graph. The first author has proved with Qingyun Meng in [5] that if G is a solvable group whose degree graph is the second graph, then G = H × K, where |ρ(H)| = 2 and |ρ(K)| = 2. With the result in this paper, we can remove the solvability hypothesis and obtain the same conclusion. With these remarks, Theorem A implies the following corollary.
Theorem B. If G is nonsolvable group, then ∆(G) is neither of the following graphs:
Corollary C. If G is a any group such that ∆(G) has exactly four vertices, then either ∆(G) is one of the graphs listed in Table 1 or G = H × K, where |ρ(H)| = |ρ(K)| = 2 and ∆(G) is the second graph in Theorem B.
It is worth noting that while the second graph in Theorem B occurs as ∆(G) for a solvable group G but not for any nonsolvable group, none of the first three graphs in Table 1 can occur as ∆(G) for a solvable group. All three of these graphs fail to satisfy Pálfy's condition in [9] that if G is solvable, given any three vertices in ∆(G), two of vertices must be adjacent. In fact, the first graph was known not to occur as ∆(G) for a solvable group G even before Pálfy's theorem (see [7] ).
In §2, we determine all groups G with S G Aut(S), where S is a nonabelian finite simple group, such that ∆(G) is a subgraph of a square. Observe that this also classifies the almost simple groups G such that ∆(G) is a subgraph of the first graph in Theorem B.
In §3, we show that if G is a nonsolvable group with ∆(G) one of the graphs in Theorem B, then G has a solvable normal subgroup N such that G/N is an almost simple group with ∆(G/N ) a subgraph of a square, hence is one of the groups listed in the classification in §2. We then use this classification to show that no such group G exists, proving Theorem B.
Almost Simple Groups
In this section, we classify the almost simple groups G such that ∆(G) is a subgraph of one of the graphs in Theorem B, or equivalently, is the subgraph of a square. The classification is given in Theorem 2.1, which follows from Lemmas 2.2, 2.3, 2.4, and 2.6.
If S is simple and S G Aut S, then ρ(S) ⊆ ρ(G) and ρ(S) is precisely the set of prime divisors of |S|. Thus we need only consider simple groups S with order divisible by at most four primes, and since any group whose order is divisible by less than three primes is solvable, |S| must be divisible by either three or four primes. Finite simple groups with orders divisible by three or four primes are classified in [3] .
Note also that since S is a normal subgroup of G, if χ ∈ Irr(S) and µ ∈ Irr(G) with µ a constituent of χ G , or equivalently χ a constituent of µ S , then χ(1) | µ(1) (see [4] ). Hence ∆(S) is a subgraph of ∆(G), and so if ∆(S) is not a subgraph of a square, then ∆(G) is not a subgraph of a square.
The graphs ∆(S) for all simple groups S were determined by the second author in [11] , [12] , and [13] and are summarized in [14] . In particular, all graphs ∆(S) that are not complete are listed in [14] . If |ρ(S)| = 3 or 4 and ∆(S) is complete, then ∆(G) cannot be a subgraph of a square.
In order to achieve our desired classification, we consider the simple groups S that appear in both the list in [3] of simple groups with order divisible by three or four primes and the list in [14] of simple groups with ∆(S) not complete. In those cases where ∆(S) is a subgraph of a square, we then determine all G with S G Aut(S) such that ∆(G) is a subgraph of a square. These groups are as follows. 
2. q = 2 4 and G = S; 3. q = 2 f , where f 5 is a prime and 2 f − 1 = r, 2 f + 1 = 3 · t β with r, t distinct odd primes, and G = S;
4. q = 3 f , where f 3 is prime and 3 f − 1 = 2r α , 3 f + 1 = 2 2 t β with r, t distinct odd primes, and G = S or G = PGL 2 (q);
5. p 11, f = 1 (so q = p), and each of p + 1 and p − 1 is divisible by 2 and one odd prime (and in particular p is neither a Mersenne prime nor a Fermat prime), all G.
As noted above, if S is a nonabelian finite simple group, then |S| is divisible by at least three primes and so ∆(S) has at least three vertices. Hence if ∆(S) is a complete graph, then ∆(S) cannot be a subgraph of a square, nor can ∆(G) for any group G with S G Aut(S). The simple groups S for which ∆(S) is not complete are listed in [14] . These are all groups isomorphic to PSL 2 (q) for q > 3 (including alternating groups A 5 and A 6 ), all Suzuki groups 2 B 2 (q 2 ) for q 2 > 2, PSL 3 (q) and PSU 3 (q 2 ) for certain values of q, the alternating group A 8 , and the sporadic simple groups M 11 , M 23 , and J 1 . Comparing this list with the list in [3] of simple groups with order divisible by at most four primes, we see that the only groups satisfying both conditions are those isomorphic to either PSL 2 (q) for certain values of q or to one of the groups listed in Table 2 . Proof. By [3] and [14] , the simple groups S not isomorphic to PSL 2 (q) with order divisible by at most four primes and ∆(S) not complete are those listed in Table 2 . For each group S in the table, ∆(S) contains a triangle (that is, a complete graph on three vertices), thus ∆(S) cannot be a subgraph of a square. In each case, the three vertices of the triangle and the degrees that join the pairs of vertices in ∆(S) are given in the table (see [1] ).
We will assume for the remainder of this section that S = PSL 2 (q), where q = p f for some prime p. Denoting by π(n) the set of primes dividing a positive integer n, we have that
Therefore, if ∆(S) is a subgraph of a square, then q 2 − 1 must be divisible by exactly two or three primes. We first consider the case where ∆(S) has exactly three vertices.
The graph ∆(S) has exactly three vertices if and only if p f ∈ {2 2 , 2 3 , 3 2 , 5, 7, 17}. In this case, ∆(S) has at most one edge and if S < G Aut(S), then ∆(G) has exactly one edge. In particular, ∆(G) is a subgraph of a square for all S G Aut(S).
Proof. By Lemma 1.3 of [3] , q 2 − 1 is divisible by exactly two primes, and hence ∆(S) has exactly three vertices, if and only if q = p f is in the set listed. Note that PSL 2 (4) ∼ = PSL 2 (5); it will be convenient to view this group as PSL 2 (4).
It is easy to verify using the character tables in [1] that ∆(S) has no edges for p f ∈ {2 2 , 2 3 } and one edge for p f ∈ {3 2 , 7, 17}. Unless p f = 3 2 , the outer automorphism group is of order 2 or 3, and so if S < G, then G = Aut(S) is a cyclic extension of S. The character table of G is then also in [1] and shows that in each case ρ(G) = ρ(S) and ∆(G) has exactly one edge.
The outer automorphism group of PSL 2 (3 2 ) is the Klein 4-group. The character tables of the three cyclic extensions are given in [1] and they show that ∆(G) has exactly one edge in all cases. Finally, it is not difficult to determine that cd(Aut(PSL 2 (3 2 ))) = {1, 3 2 , 2 · 5, 2 4 , 2 2 · 5} and therefore {2, 5} is the unique edge in this case.
We now consider S = PSL 2 (q) where q 2 − 1 is divisible by exactly three primes, so that ∆(S) has four vertices. We will need to consider the cases p = 2 and p odd separately.
First, suppose q = 2 f . Since S is not simple for f = 1 and ∆(S) has only 3 vertices for f = 2, 3, we may assume f 4 and q 16. We have that ρ(S) = {2} ∪ π(2 f − 1) ∪ π(2 f + 1) and 2, 2 f − 1, and 2 f + 1 are relatively prime in pairs. Hence if |ρ(S)| = 4, then one of 2 f − 1 or 2 f + 1 is a prime power and the other is a product of two prime powers. In fact, one of 2 f − 1 or 2 f + 1 must be a prime, by Lemma 1.2 of [3] . ii. f 5 is prime, 2 f − 1 = r is prime, and 2 f + 1 = 3 · t β , with t an odd prime and β 1 odd.
Thus one of 2 f ± 1 is a prime r and the other is 3 · t β with t prime, ρ(S) = {2, 3, r, t}, and {3, t} is the only edge. In particular,
Proof. The values of f and the factorizations of 2 f − 1 and 2 f + 1 follow from Lemma 3.5 of [3] . In this case, cd(S) = {1, 2 f − 1, 2 f , 2 f + 1} and the degrees are relatively prime in pairs. It follows that 2 and r are isolated vertices and there is an edge joining 3 and t.
Since q = 2 f , the outer automorphism group of S is cyclic of order f , generated by a field automorphism. Let S < G Aut(S), so that |G :
. By Theorem A of [15] or by [1] , we have 3 · 5 · d ∈ cd(G). Therefore, the primes 2, 3, and 5 form a triangle in ∆(G), and so ∆(G) is not a subgraph of a square.
If f 5 is prime, then d = f . By Fermat's Little Theorem, 2 f ≡ 2 (mod f ), and therefore 2 f + 1 ≡ 3 (mod f ) and 2 f − 1 ≡ 1 (mod f ). Since f 5, this implies f is not one of r or t. Hence ρ(G) = {2, 3, r, t, f } and ∆(G) has 5 vertices, and so is not a subgraph of a square.
Finally, we consider S = PSL 2 (q), where q = p f for an odd prime p and q 2 − 1 is divisible by exactly three primes. As both q + 1 and q − 1 are divisible by 2, q 2 − 1 is divisible by exactly two odd primes r and t, and ρ(S) = {p, 2, r, t}.
Lemma 2.5. If q = p f for an odd prime p and q 2 − 1 is divisible by exactly three primes, then one of the following holds:
ii. p = 3 and f is an odd prime;
iii. p 11 and f = 1.
Proof. This follows from Theorem 3.2 and Lemma 3.4 of [3] .
Observe also that by Lemma 3.4 of [3] , if q = 3 f and q 2 − 1 is divisible by exactly three primes, then q − 1 = 2r α and q + 1 = 2 2 t β with r, t distinct odd primes. Lemma 2.6. Let S = PSL 2 (q), where q = p f for an odd prime p and assume q 2 − 1 is divisible by exactly two odd primes r and t, so that ρ(S) = {p, 2, r, t}. Let G be a group with S G Aut(S).
The graph ∆(G) is a subgraph of a square if and only if one of the following holds:
i. p = 3, f is an odd prime, and
ii. q ∈ {3 4 , 5 2 , 7 2 } or p 11 is neither a Mersenne prime nor a Fermat prime and f = 1.
In all cases where ∆(G) is a subgraph of a square, ∆(G) = ∆(S).
Proof. Assume S = PSL 2 (q), where q = p f for an odd prime p such that q 2 − 1 is divisible by exactly two odd primes r and t. By Lemma 2.5, q must be 3 4 , 5 2 , 7 2 , a prime p 11, or 3 f with f an odd prime. Since q is odd, we have
where ε = (−1) (q−1)/2 . If either of q + 1 or q − 1 is a power of 2, then 2, r, and t all divide the other and hence form a triangle in ∆(S). Hence ∆(G) cannot be a subgraph of a square for any S G Aut(S). Therefore, we must have that each of q − 1 and q + 1 is the product of a power of 2 and a power of an odd prime. This holds for q = 3 f with f an odd prime by Lemma 3.4 of [3] and for q = 3 4 , 5 2 , or 7 2 by simple computation. If q = p 11 is a prime, this holds if and only if p is neither a Mersenne prime nor a Fermat prime by definition. Under the given conditions, ∆(S) has vertex set {p, 2, r, t}. By the character degree set given above, the only edges are {2, r} and {2, t}. Hence ∆(S) is a subgraph of a square.
Let S G Aut(S). By Theorem A of [15] , each character degree of G is 1, q, or a divisor of either |G : S|(q − 1) or |G : S|(q + 1). It follows that if |G : S| is a power of 2, then ∆(G) = ∆(S), hence ∆(G) is a subgraph of a square. Since q is odd, | Aut(S) : S| = 2f . Observe that 2f is a power of 2, and hence so is |G : S|, if q = 3 4 , 5 2 , 7 2 , or if q is a prime p 11. Therefore, in these cases ∆(G) is a subgraph of a square for any S G Aut(S). Now let q = 3 f with f an odd prime, and let S < G Aut(S). If G = PGL 2 (q), then |G : S| is a power of 2 and ∆(G) is a subgraph of a square as above.
Assume now that G is not PGL 2 (q), so that |G : S| divides 2f and is not equal to 2, hence f divides |G : S| and f is in ρ(G) (see [15] ). Since f is an odd prime, 3 f ≡ 3 (mod f ) and so neither of 3 f − 1, 3 f + 1 is divisible by 3. Hence if f = 3, then f ∈ {2, 3, r, t}. Therefore, ρ(G) = {2, 3, r, t, f } and ∆(G) has five vertices so is not a subgraph of a square.
Finally, suppose f = 3, so that S = PSL 2 (3 3 ). If S < G and G is not PGL 2 (3 3 ), then G has characters of degrees 3(q − 1) and 3(q + 1) by Theorem A of [15] or by [1] . Hence 3 is adjacent to 2, r, and t (specifically, 2, 7, and 13 in this case) in ∆(G), and so ∆(G) is not a subgraph of a square.
Theorem 2.1 now follows from Lemmas 2.2, 2.3, 2.4, and 2.6.
Nonsolvable Groups
In this section, we show that if G is a nonsolvable group with ∆(G) one of the graphs in Theorem B, then G has a solvable normal subgroup N such that G/N is one of the groups listed Theorem 2.1. We then show that no such group G can exist, proving Theorem B.
We will require Dickson's classification of the subgroups of PSL 2 (q), found in Hauptsatz II.8.27 of [2] , and we will refer to the Atlas [1] for some facts about PSL 2 (q) for small values of q. We will also make use of the fact that the Schur multiplier for PSL 2 (q) has order 2 when q is odd and order 1 when q is even and greater than 4, and that SL 2 (q) is the Schur representation group of PSL 2 (q). Proof. Choose N maximal so that N is normal in G and N is solvable. Take M normal in G so that N < M and M/N is a chief factor of G. Since M is necessarily nonsolvable, we know that M/N is nonabelian. This implies that M/N ∼ = S × S × · · · × S for some nonabelian simple group S. We know that |ρ(S)| 3. If M/N is not simple, then ∆(M/N ) is a complete subgraph of ∆(G) with at least three vertices, a contradiction. Thus, M/N ∼ = S is simple.
Let We conclude that C = N . This implies G/N Aut(M/N ). In particular, G/N now satisfies the conclusion of Theorem 2.1.
It follows from Lemma 3.1 and Theorem 2.1 that we may assume the following hypothesis.
Hypothesis 3.2.
• G is a nonsolvable group such that ∆(G) is one of the two graphs in Theorem B.
• N < M are normal subgroups of G such that N is solvable, M/N = S ∼ = PSL 2 (q) for one of the values of q described in Theorem 2.1, and S G/N Aut(S).
• G/N is one of the almost simple groups described in Theorem 2.1.
Let p be the prime divisor of q. We break into four cases, depending on whether p is even or odd and whether |ρ(S)| = 3 or 4.
Theorem 3.3. Assume Hypothesis 3.2. If p is odd and |ρ(S)| = 4, then G does not exist.
Proof. We assume that q is odd and |ρ(S)| = 4, and we show that this leads to a contradiction. We have ρ(G) = ρ(S) = {2, p, r, s}. We have q − 1 = 2 α r a and q + 1 = 2 β s b , for positive integers α, β, a, b. We note the possibilities for q are the following:
1. q = p with p 11.
2. q = 25, so r = 3 and s = 13.
3. q = 49, so r = 3 and s = 5.
4. q = 81, so r = 5 and s = 41.
5. q = 3 f , where f 3 is prime.
Notice that no character degree of G is divisible by three primes. Also, notice that 2 is adjacent to both r and s, so no character degree of G is divisible by either 2p or rs. Let θ ∈ Irr(N ), and let T be the stabilizer of θ in M . We know that |M : T |θ(1) divides all of the degrees in cd(G | θ) (the set of degrees of irreducible characters of G lying over θ). This implies |M : T | can be divisible by at most two primes, and if |M : T | is divisible by two primes, then any prime divisor of θ(1) must divide |M : T |.
We claim that T = M , and so we suppose that T < M and show that this leads to a contradiction. We consider the various possibilities for the subgroup T /N of S ∼ = PSL 2 (q) that are described in Hauptsatz II.8.27 of [2] . If T /N is one of the abelian subgroups of S, then |M : T | is necessarily divisible by at least three primes. Hence T /N must be nonabelian.
If T /N is a dihedral group, then p divides |M : T |. Let C/N be the normal, cyclic subgroup of index 2 in T /N . We know that θ extends to C, and we letθ be an extension of θ in Irr(C). Ifθ is T -invariant, then θ extends to T and 2θ(1) ∈ cd(T | θ) via Gallagher's theorem. Otherwise,θ induces irreducibly to T by Clifford's theorem, and again, 2θ(1) ∈ cd(T | θ). Applying Clifford's theorem, this implies that |M : T |2θ(1) is a degree in cd(M ), and we conclude that 2 and p divide some degree in cd(G), a contradiction.
Next, consider the possibility that T /N is a Frobenius group. This implies that 2 and s divide |M : T |. As noted above, neither p nor r can divide |M : T |. Let F/N be the Frobenius kernel of T /N . We know that F/N is a p-group and that r divides |T : F |. If θ does not extend to F , then the character degrees in cd(F | θ) are all divisible by p. This implies that the character degrees in cd(T | θ) and cd(G | θ) are divisible by p. Since the character degrees in cd(G | θ) are divisible by |M : T |, we deduce that cd(G) has a degree divisible by both 2 and p, a contradiction. Thus, θ extends to F . Let R/N be either a Sylow r-subgroup or a Sylow 2-subgroup of T /N . We know that R/N is cyclic, so θ extends to R. We then use Theorem 11.31 of [4] to see that θ extends to T . Applying Gallagher's theorem, we obtain |T : F |θ(1) ∈ cd(T | θ), and then using Clifford's theorem, we have |M : T ||T : F |θ(1) ∈ cd(M | θ). This yields a degree in cd(G) that is divisible by both r and s, a contradiction.
The next case is that T /N is isomorphic to A 4 or S 4 . Notice that 3 is one of the primes in {p, r, s} and |M : T | is divisible by the other two. It follows from Gallagher's theorem if θ extends to T , and Corollary 11.29 of [4] otherwise, that cd(T | θ) must contain a degree divisible by either 2 or 3. In either case, we get a degree in cd(G) that is divisible by three primes, a contradiction. Now, suppose T /N is isomorphic to A 5 . If p is not 3 or 5, then p divides |M : T |. By the Atlas [1] , we know that 2 divides some degree in cd(T | θ) whether or not θ extends to T . This implies that 2 and p divide some degree in cd(G), a contradiction. If p = 5, then q = 25, and again p divides |M : T |, and we get the same contradiction. If p = 3, then we must have q = 81. We see that 3 divides |M : T |, and we have the same contradiction.
The final possibility is that T /N is isomorphic to PSL 2 (p m ) or PGL 2 (p m ). Since PSL 2 (3) ∼ = A 4 , PGL 2 (3) ∼ = S 4 , and PSL 2 (5) ∼ = A 5 have all already been considered, the remaining possibilities are q = 25 and T /N ∼ = PGL 2 (5), q = 49 and p m = 7, and q = 81 and p m = 9. In all of these cases, we see that p divides |M : T |. By the Atlas [1] , we see that whether θ extends to T or not, in each of these cases we obtain a degree in cd(T | θ) that is divisible by 2. This yields a degree in cd(G) divisible by both 2 and p, a contradiction.
We now have that T = M , i.e., every character in Irr(N ) is invariant in M . If θ extends to M , then by Gallagher's theorem, θ(1)(q − 1), θ(1)q, and θ(1)(q + 1) are all character degrees of M . Hence, any prime divisor of θ (1) is adjacent to all the other primes in ρ(G), and so we must have θ(1) = 1. On the other hand, if θ does not extend to G, then we obtain the degrees θ(1)(q − 1) and θ(1)(q + 1) in cd(M ) since the representation group is SL 2 (q). If t is a prime divisor of θ(1), then t is adjacent to the primes other than itself among 2, r, and s. Since p cannot be adjacent to all three of these primes, p does not divide θ(1). Also, r and s cannot be adjacent, so neither r nor s can divide θ(1). It follows that θ(1) is a power of 2, and as a consequence, p divides no degree in cd(M | θ).
We know that there exists a character χ ∈ Irr(G) with p dividing χ(1). Let µ ∈ Irr(M ) and θ ∈ Irr(N ) be characters so that µ is a constituent of χ M and θ is a constituent of µ N . Since |G : M | is a power of 2, we know that p divides µ(1). We have just seen that the only way there can be a degree in cd(M | θ) that is divisible by p is if θ is linear and extends to M . It follows that µ(1) = q. The only possible prime divisors of χ(1) are 2 and p, but we know that p is not adjacent to 2 in ∆(G). This implies that p is an isolated vertex, which is a contradiction. This proves the theorem.
Next, we consider the case where p = 5 is odd and |ρ(S)| = 3. We will consider PSL 2 (5) ∼ = PSL 2 (4) along with the cases where p = 2. Proof. By Theorem 2.1, q ∈ {7, 9, 17}. Let r be the prime so that ρ(S) = {2, p, r}, and take s to be the prime so that ρ(G) = ρ(S) ∪ {s}. Notice that 2 and r are adjacent in ∆(M/N ), so they are adjacent in ∆(G). It follows that they do not have any common neighbors in ∆(G).
There exists a character χ ∈ Irr(G) so that s divides χ(1). Let θ be an irreducible constituent of χ N . Since s does not divide |G : N |, it follows that s divides θ(1) (see Corollary 11.29 of [4] ). If θ is invariant in M , then θ(1)(q − 1) and θ(1)(q + 1) are both degrees in cd(M ), whether or not θ extends to M , because SL 2 (q) is the Schur representation group of PSL 2 (q). Since 2 divides q − 1 and r divides either q − 1 or q + 1, it follows that s is adjacent to both 2 and r, a contradiction. Thus, θ is not invariant in M .
Let T be the stabilizer of θ in M . Suppose |M : T | is divisible by two of the primes 2, p, and r. By Clifford's theorem, some degree in cd(G) is divisible by θ(1)|M : T |, implying that G has a degree divisible by three primes, a contradiction. Hence |M : T | is a prime power. By the lists of maximal subgroups given in the Atlas [1] , this implies q = 7 and either |M : T | = 7 and T /N ∼ = S 4 , or |M : T | = 8 and T /N is a Frobenius group of order 21. In the first case, we see that cd(T | θ) must have a degree divisible by either 2 or 3, and this gives a degree in cd(G) that is divisible by s, 7, and one of 2 or 3, a contradiction. In the second case, cd(T | θ) must have a degree divisible by either 3 or 7. This gives a degree in cd(G) that is divisible by s, 2, and one of 3 or 7, again a contradiction. This proves the theorem.
We now turn to the cases where p = 2. We first deal with the case where |ρ(S)| = 4. Proof. We have q = 2 f , where either 1. f is an odd prime, 2 f − 1 is a Mersenne prime r, and 2 f + 1 is the product of powers of two primes s and t, or 2. f = 4, r = q + 1 = 17, and q − 1 = 15 is the product of the primes s = 3 and t = 5.
Notice that s and t are adjacent in ∆(M/N ), so they are adjacent in ∆(G). Consider a character θ ∈ Irr(N ). If θ is invariant in M , then θ extends to M since the Schur multiplier of PSL 2 (q) is trivial. By Gallagher's theorem, we obtain θ(1)(q−1), θ(1)q, and θ(1)(q+1) as degrees in cd(G). Thus every prime divisor of θ (1) is adjacent to all of the other primes in ρ(G), which implies θ(1) = 1.
Let T be the stabilizer of θ in M and suppose T < M . We claim that |M : T | is divisible by r and a power of 2, and if a ∈ cd(T | θ), then a/θ(1) is a power of 2. Furthermore, either 2 divides |T : N | or there exists a degree a ∈ cd(T | θ) so that 2 divides a/θ(1).
We prove this claim by showing that the other possibilities from Dickson's list of subgroups (Hauptsatz II.8.27 of [2] ) cannot occur. If T /N is abelian, then T /N is isomorphic to a subgroup of an elementary abelian Sylow 2-subgroup of S or a cyclic subgroup of S of order q − 1 or q + 1. Hence T /N is an abelian 2-group, a cyclic group of order r, or a cyclic group whose order is a product of powers of s and t. If T /N is an abelian 2-group, then |M : T | is divisible by r, s, and t, a contradiction. If T /N is cyclic of order r, then 2, s, and t divide |M : T |, also a contradiction. Thus, if T /N is abelian, then 2 and r divide |M : T |. Note that in fact q will divide |M : T |, and s and t cannot divide |M : T |, so |M : T | = qr. Since T /N is cyclic, cd(T | θ) = {θ(1)}.
Assume now that T /N is not abelian. If T /N is dihedral, then 2 will divide |M : T |. If r divides |T : N |, then |T : N | = 2r, and |M : T | will be divisible by s and t in addition to 2, a contradiction. Hence, r divides |M : T |. It follows that s and t do not divide |M : T |, and since |T : N | 2 = 2, we conclude that |M : T | = qr/2. Notice that all the Sylow subgroups of T /N are cyclic, so θ extends to T (see Corollaries 11.22 and 11.31 of [4] ), and by Gallagher's theorem, cd(T | θ) = {θ(1), 2θ(1)}.
Suppose T /N is a Frobenius group. We know that q +1 divides |M : T |. Let F/N be the Fitting subgroup of T /N . We know that F/N is a 2-group, so q 2 − 1 divides |M : F |. If θ extends to T , then by Gallagher's theorem, |T : F |θ ∈ cd(T | θ). It follows that |M : F | divides some degree in cd(G). This implies that r, s, and t all divide some degree in cd(G), a contradiction. Therefore, θ does not extend to T . In particular, θ does not extend to F . Hence, if a ∈ cd(T | θ), then 2 divides a/θ(1). We know that a|M : T | divides a degree in cd(G). If q + 1 is a power of s times a power of t, then 2, s, and t divide some degree, a contradiction. Therefore, we must have q + 1 = r, so r divides |M : T |. If s or t divides either |M : T | or a, we have a contradiction, so |M : T | is r times a power of 2 and a/θ(1) is a power of 2 for all a ∈ cd(T | θ).
If T /N is isomorphic to A 4 , then f must be even, which implies f = 4. It follows that 2, 5, and 17 all divide |M : T |, a contradiction. If T /N is isomorphic to A 5 ∼ = PSL 2 (4), then again, we must have f = 4. In this case, we see that 2 and 17 divide |M : T |. By the Atlas [1] , either 3θ(1) or 6θ(1) is in cd(T | θ). This implies that 2, 3, and 17 all divide a degree in cd(G), a contradiction. Finally, if T /N is isomorphic to PGL 2 (4), then we must have f = 4. We again have that 2 and 17 divide |M : T |, and by the Atlas [1] , 6θ(1) ∈ cd(T | θ). This implies that 2, 3, and 17 divide some degree in cd(G), a contradiction. This proves the claim.
If θ ∈ Irr(N ), then a|M : T | divides some degree in cd(G) for every degree a ∈ cd(T | θ). Since a|M : T | is a power of 2 times r and is divisible by both 2 and r, we conclude that θ(1) ∈ {2, r}. If θ is not G-invariant, then we have cd(G | θ) ⊆ {2, r}. If θ is G-invariant, then cd(G | θ) = cd(G). We conclude that neither 2 nor r is adjacent to either of s or t in ∆(G), which is a contradiction. Proof. As stated before the theorem, S ∼ = PSL 2 (4) or S ∼ = PSL 2 (8) . In the first case, ρ(S) = {2, 3, 5} and in the second case, ρ(S) = {2, 3, 7}. Let r be the prime so that ρ(G) = ρ(S) ∪ {r}. There exists a character χ ∈ Irr(G) with r dividing χ(1). If θ ∈ Irr(N ) is a constituent of χ N , then r divides θ(1) by Corollary 11.29 of [4] .
If θ extends to M , then by Gallagher's theorem, r is adjacent to the other three primes, a contradiction. On the other hand, if θ is G-invariant but does not extend to M , then using the Atlas [1] , we see that 6θ(1) ∈ cd(G). Now r, 2, and 3 all divide a single degree, a contradiction. Thus, θ is not G-invariant.
Let T be the stabilizer of θ in G. If |M : T | is divisible by two or more primes, then some degree in cd(G) is divisible by three primes. Hence, |M : T | must be a prime power. By the list of maximal subgroups of S in the Atlas [1] , this implies T /N is a Frobenius group with Frobenius kernel F/N . When q = 4, we have |M : T | = 5 and |T : N | = 12, and when q = 8, we have |M : T | = 9 and |T : N | = 56. If θ extends to T , then by Gallagher's theorem, |T : F |θ(1) ∈ cd(T | θ). If θ does not extend to T , then it must be that θ does not extend to F , and so every character degree in cd(T | θ) is divisible by the prime divisor of |F : N |. Thus, if q = 4, then some degree in cd(T | θ) is divisible by 2 or 3, and so some degree in cd(G) is divisible by r, 5, and one of 2 or 3, a contradiction. Similarly, when q = 8, some degree in cd(T | θ) is divisible by 2 or 7. This yields a degree in cd(G) that is divisible by r, 3, and one of 2 or 7, a contradiction. This proves the theorem.
Combining Theorems 3.3, 3.4, 3.5, and 3.6, we obtain Theorem B.
Proof of Theorem A. It is easy to check that a graph with exactly four vertices must be, up to isomorphism, one of the graphs in Table 1 , one of the graphs in Theorem B, the graph with four vertices and no edges, or the graph with two connected components, each with two vertices. For each graph in Table 1 , an example of a nonsolvable group G with that graph as ∆(G) is given, and by Theorem B, no nonsolvable group can have degree graph equal to either of the graphs listed there.
It is shown in [8] that for any group G, ∆(G) can have at most three connected components, hence ∆(G) cannot be the graph with four vertices and no edges. In the proof of Theorem 6.3 of [6] , it is shown that if G is nonsolvable and ∆(G) has two connected components, then one of the components is an isolated vertex, which eliminates the last possibility and proves the theorem.
Proof of Corollary C. By Theorem A, each graph in Table 1 occurs as ∆(G) for some group, and as above, [8] implies ∆(G) cannot be the graph with four vertices and no edges. By Theorem B and [16] , no group G has the first graph in Theorem B as its degree graph. By Theorem B and [5] , a group G with ∆(G) the second graph in Theorem B must be as stated.
Finally, Pálfy showed in [10] that if G is solvable and ∆(G) has two connected components, and if n is the number of vertices in the smaller component, then then larger component must have at least 2 n − 1 vertices. Hence if G is solvable, then ∆(G) cannot have exactly two connected components each with two vertices. It follows from Theorem A that this is also true for nonsolvable groups, completing the proof.
